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Wilhelm Conrad
Roéntgen (1845-1923)

Wilhelm Conrad Rontgen became the
first radiographer when he discovered
x-rays on November 8, 1895, in his labo-
ratory at the University of Wiirzburg in
Germany. His original paper On a New
Kind of Rays is printed in Appendix A.
For his discovery he received the first
Nobel Prize in physics in 1901 and
was decorated by Prussia, Bavaria,
Great Britain, Austria, Mexico, Germany,
France, the Netherlands, Sweden, Italy,
Turkey, and the United States.

(Portrait courtesy of the American College of Radiology)

Eddy Clifford Jerman
(1865-1936)

Ed C. Jerman is known as the “Father of
Radiography” in the United States because
he was the first teacher of radiography. He
began teaching x-ray techniques in 1897;
he founded the American Association of
Radiological Technicians (now known
as the American Society of Radiologic
Technologists), and personally examined
the first 1,000 members of the American
Registry of X-Ray Technicians. He brought
order to the principles of radiographic
exposure technique by naming the quali-
ties of the radiographic image: density,
contrast, detail, and distortion. In 1928
he published Modern X-Ray Technic, the
first book on radiographic principles.

(Portrait courtesy of the American Society of Radiologic Technologists)

The Founders
of Radiography

Arthur Wolfram Fuchs
(1895-1962)

Arthur W. Fuchs is known as the inven-
tor of the fixed kilovoltage technique of
radiography. His father, Wolfram Fuchs,
established the first x-ray laboratory in
Chicago in 1896 but became one of the
early martyrs of radiation, dying from
excessive exposure. Arthur performed
radiography for the U.S. Army in both
World Wars I and II. During World War II
he wrote the U.S. Army training manual
Principles of Radiographic Exposure,
in which he outlined his success with
the optimal fixed kVp technique system.
In 1955 he first published his book Prin-
ciples of Radiographic Exposure and
Processing.

(Portrait courtesy of the family of Arthur Fuchs)
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hhhh, was my mother right!

Life is about making choices, and a good life is
about making more right than wrong choices. Yes, a bit of
good fortune and happenstance is in all of our lives, but
ultimately, making good decisions is what it’s all about.
Unfortunately, at the times we make these choices, we
lack the foresight to see the consequences, good or bad.
But such is life.

Fortunately for our profession, Rick Carlton and
Arlene Adler have continued to make the right decisions,
by authoring Principles of Radiographic Imaging, 6th
edition. It is a monumental task writing a textbook and to
do so again, after so many years in the profession, makes
it even more daunting. But that is the decision they have
made and it is a great choice. Even better, is their deci-
sion to seek out experts and resources in the professions,
such as Vesna Balac. Doing so complements the accuracy
and relevancy of the information written in many of these
chapters. That choice reflects their admission that one,
single person cannot be expert on all aspects of this great
profession. It is a tribute to their many years of develop-
ing a network of contacts who can contribute to this end.
Again, their great decision-making over the years, has cre-
ated a wide network of friends and resources, willing to
contribute to this edition. Such is the nature of this 6th ed.
It reflects their genuine and sincere effort to represent the
principles of radiology in a real-world, practical fashion.

This 6th edition is faithfully consistent with pre-
vious editions through its excellent illustrations and
exhibits. Updated materials for instructors with labora-
tory exercises and instructor resources are included as
well. For the educator, you can expect to continue to
enjoy its simple and concise explanations of complex
concepts. New chapters on digital radiographic imag-
ing have been added and existing chapters have been
updated with practical information that is relevant to
the real-world of digital radiography. In fact, much
of this information could be studied by practicing

Foreword

radiographers, to update their working knowledge. With
newer digital technologies, the old rules of exposure
and image quality do not apply. Seasoned-technologists
in the profession find this concept hard to accept. The
6th edition helps with this understanding. Topics deal-
ing with the role of radiographic grids, detector inter-
facing, exposure indices and assessing digital image
quality, have been added to better understand that as
this digital revolution continues, we need to get our
arms around it, to improve image quality and ALARA
compliance. The role of the radiographer is undergo-
ing profound change with digital, and a renaissance is
underway through the applications of digital detectors.

This 6th edition makes the learning more interactive
and exciting, through the use of web-based technology.
Existing chapters on the advanced imaging modalities still
remain with updated information from experts in their
respective fields. A wonderful choice.

As my mother said, it's about choices. We are grate-
ful Rick and Arlene, and now Vesna, have chosen to
write again. In doing so, they introduce potentially new
resources to educators, technologists and all members of
the medical imaging community: the best profession in
medicine!

To those who know me, they would say I am a pas-
sionate educator, as my passion for this professions runs
deep. I am no different than many other professionals, in
this regard. Incorporating the Principles of Radiographic
Imaging, 6th edition into my professional lifestyle, is my
choice, and for that I cannot thank these three authors
enough for their continued contributions.

Randy Griswold, M.P.A., RT(R)

Consultant and Lecturer,

Former Program Director

School of Radiologic Sciences, Bellin College
Green Bay, Wisconsin
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INTRODUCTION

As radiography educators, we designed this textbook
with students and educators in mind. Since we now have
a completely revised approach from a digital standpoint,
we also believe practicing radiographers would greatly
benefit from a review since there are new principles
toward establishing radiographic exposure techniques.
Each chapter contains an outline, key terms, objectives,
a summary, review questions, and a detailed bibliography.
There is also a considerable number of ancillaries that fac-
ulty can access through their Cengage Learning represen-
tative (they can be reached through the website at www
.cengage.com, or for product information and technology
assistance, contact them at Cengage Learning Customer
and Sales Support, 800-3564-9706.). Although the order of
the chapters is based on our experiences in reaching our
students, most chapters stand alone and can be used in
the order that is most appropriate within a given program.

We have made a special effort to represent our belief
that professional development should be a prime objec-
tive of any radiography curriculum. This is best achieved
through the demonstration of technical competence. This
book is designed to assist students in developing this
cornerstone of professionalism. Through technical com-
petence and a professional demeanor, students will be
ready to assume their role as experts in the radiographic
imaging process. In addition, we believe that true profes-
sionals take immense pride in their work to the extent that
it becomes an art as well as a science.

There is a special focus on making sure digital
imaging terminology and parameters are the primary ori-
entation with very limited references to conventional film-
based imaging. Special effort is made to emphasize both
the technical information and the ethical importance of
understanding the specifics of image receptor sensitivity
in order to be able to reduce exposure to the patient and
adhere to ALARA concepts.

References are used extensively to assure both
educators and students that we address all content

XVi
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expected for successful professional practice including
the American Registry of Radiographic Technologists’
Content Specifications for the Examination in Radiogra-
phy, the Radiography Curriculum by the American Society
of Radiologic Technologists, and various materials pre-
pared by the Canadian Association of Medical Radiation
Technologists.

NEW TO THIS EDITION

The rapid changes in technology present a challenge to
textbook authors who are committed to providing current
information for learners. The authors and contributors to
the sixth edition carefully reviewed all content to identify
areas requiring updating or new topics. As a result, numer-
ous changes were made.

A special attempt was made to provide an introduc-
tion to physics and the imaging modalities, as well as to
explore the new details of the principles of radiographic
exposure techniques that have been brought on by the use
of digital technology. Well-established image quality fac-
tors (density/image receptor exposure, contrast, recorded
detail, and distortion) have been revised to reflect the
realities of establishing radiographic exposure factors.
The new factors are:

B Image Receptor Exposure
®  Contrast

Spatial Resolution
Distortion

Histogram Fulfillment
Look Up Table (LUT)

Because histogram fulfillment and use of the proper
look up table (LUT) are critical to successful digital image
production, they have both been included in the primary
image quality factors.

Five phases of digitized image production are intro-
duced: acquisition, processing, archiving, displaying, and
analyzing. Each includes well-known radiographic imaging



parameters but each is also enhanced by the addition of
digital factors that now impact on all imaging decisions.

Most importantly, this entire edition has been revised
with current clinical practices in mind, with many changes
that now reflect our digital radiography world, from end
to end.

ORGANIZATION

The overall design of the book separates the 42 chapters
into six units: Creating the Beam, Protecting Patients
and Personnel, Creating the Image, Digital Radiogra-
phy, Analyzing the Image, and Special Imaging Systems
and Modalities. Unit IV, Digital Radiography, has been
completely rewritten into 5 redesigned chapters; Digital
Image Processing, Computed Radiography, Digital Radi-
ography/Flat-Panel Detector Systems, Technical Consid-
erations in Digital Imaging, and Informatics in Medical
Imaging. In addition, Unit V Analyzing The Image now
reflects the new paradigm for technical exposure fac-
tors; Image Receptor Exposure, Contrast, Spatial Reso-
lution, and Distortion. We continue to offer framework
information on all radiologic and imaging sciences
modalities and treatments. This design helps organize
the content for students by following a logical progres-
sion from introductory physics through the production
and control of the beam to advanced modality systems.

We remain extremely pleased that our book remains
one of the resources listed in the Radiography Curriculum
of the American Society of Radiologic Technologists, and
we have long been pleased that this book continues to be
recommended by the Canadian Association of Medical
Radiation Technologists for preparation for its certifica-
tion in Radiological Technology.

FEATURES

In addition to the updated and new content, this new edi-
tion continues to feature the following learning aids and
critical content, with the addition of supporting video
clips for the new digital radiography chapters:
B Physical concepts are clearly explained and
illustrated with many high-quality full color figures.
m  Effects of changing parameters on image quality are
carefully described and illustrated with numerous
images.
m  (Criteria for image analysis are presented to help
learners develop analytical skills.
®  High-quality radiographs are included throughout
the text.
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B Radiation protection concepts and procedures are
emphasized for both patients and radiographic
personnel.

Chapter-end summaries provide a quick reference to
critical concepts and developments in the science of
radiography.

B Numerous troubleshooting tips are included to
ensure quality radiographs.

Extensive references and recommended readings
provide a historical perspective and provide
learners a means to expand their understanding of
concepts and systems.

Video clips are now available for the chapters on
digital image production.

Epigraphs and historical photos help trace the
evolution of radiography to the present.

Unique emphasis on the art versus the science of
radiography illustrates the broad applications of the
technology.

STATEMENT OF CONTENT
ACCURACY

Although we assume full responsibility for any errors,
including those that may be construed as arising from quot-
ing other works out of context, we have made every effort to
ensure the accuracy of the information. However, appropri-
ate information sources should be consulted, especially for
new or unfamiliar procedures. It is the responsibility of every
practitioner to evaluate the appropriateness of a particular
procedure in the context of actual clinical situations. There-
fore, neither the authors nor the publisher take responsibil-
ity or accept any liability for the actions of persons applying
the information contained herein in an unprofessional
manner. This information is designed to supplement and
enhance the instructional methodologies of educators in
JRCERT (Joint Review Committee on Education in Radio-
logic Technologies [USA]) and CAMRT (Canada) approved
radiography programs and should not be applied, especially
to human subjects, without this background. In committing
this book to print, we fully realize that it is never finished,
merely suspended for the time being.

Finally, as a reader your perceptions are important
to us. We encourage you to communicate with us regard-
ing facets of the book you appreciate or would like to
see changed. We especially appreciate constructive com-
ments and notice of errors. Our intention is to present the
principles of radiography in an interesting format that pro-
vides a base from which true professionalism can develop.
Any commentary readers care to make toward this end
will be valued and welcomed.
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Creating the Beam

An inherent quality of a professional is the possession
of expertise regarding the technical aspects of a field far
above that of a nonprofessional. Knowledge of the prin-
ciples of radiographic image production is part of the
technical expertise of the professional radiographer.
Radiography programs provide students with class-
room instruction, laboratory experience, and clinical
practice in this subject. No other medical professional
experiences as intensive or comprehensive a study of
radiographic imaging. This unit is designed to provide
the basics necessary for this knowledge by building a
framework of information regarding the creation of the
diagnostic x-ray beam.

The framework begins with an elementary review
of basic mathematics and radiation concepts, includ-
ing atomic theory, x-ray properties, and necessary units
of measurement. Although this may be a review of
previous science coursework for many readers, it is
important to make sure everyone is on the same wave-
length before using the information in the remainder of
the book. Electricity and electromagnetism are large
chapters that lay the foundation for understanding how
to control the beam. The x-ray tube, x-ray equip-
ment, automatic exposure controls, and x-ray
production provide an understanding of exactly how
basic physics is used to create the x-ray beam.
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KEY TERMS

absolute value
al g ebraic expression Do not worry about your difficulties in mathematics. I can assure you mine
coulomb per kilogram (C/kg)

direct variation Attributed to Albert Einstein

are still greater.

equation
equivalent equation
gray (Gy)
identity OBJECTIVES

inverse variation
kilogram Upon completion of this chapter, the student should be able to:

like term Perform functions with fractions and decimals.
meter Determine significant digits in a number.

open equation Perform calculations in scientific notation with signed numbers and
second exponents.

sievert (Sv) Simplify algebraic expressions.
Convert units within the SI system.




THE LANGUAGE OF SCIENCE

Mathematics is the language of science. Radiographers
need to be able to speak this language. In order to quantify
science, standard units of measurement were established.
The fundamental units of measurement are mass, length,
and time. Units of measurement were officially defined on
an international level through the adoption of the SI unit
system. The seven base SI units are mass, length, time,
electric current, temperature, amount of substance, and
luminous intensity. Radiologically important derived units
are the coulomb per kilogram (C/kg), formerly the roent-
gen (R); the gray (Gy), formerly the rad (radiation absorbed
dose); and the sievert (Sv), formerly the rem (radiation
equivalent man). This review is intended to refresh essential
skills in the use of math as well as appropriate units for the
radiologic and imaging sciences.

ARITHMETIC

The radiologic technologist must have a basic under-
standing of computations such as addition, subtraction,
multiplication, and division of whole numbers, fractions,
and decimals.

Fractions

A fraction is a portion of a whole number and represents
parts of a whole. The top number in a fraction is the
numerator and the bottom number is the denominator.

Addition and Subtraction. To add or subtract two frac-
tions with like denominators, add or subtract the numera-
tors and keep the like denominator.

EXAMPLES:
3,2 5
4+ ==
8 8 8
LR
8 8 8
a ¢ atc
—t—=
b b b
d_E_t=k
b b b

To add or subtract two fractions with unlike denom-
inators, rewrite each fraction with a like or common
denominator. Then add or subtract the numerators and
keep the like or common denominator.
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EXAMPLES:
1 5 3 10 13
_+_:_ —_— = —
4 6 12 12 12
r_1_2a_ 5 _16
5 3 15 15 15
a ¢ ad bc ad-+hbc
— 4 —=— 4+ — =
b d bd bd bd
a_c_ad_bc_ad-be
d d d bd bd

Multiplication. Multiplication can be written in several
ways (Table 1-1). To multiply two fractions, multiply the
numerators and multiply the denominators.

EXAMPLE:
2 3 2X3 6
IxI =2 —-__
5 7 5X7 35
a _cC aXxc
— X ==
b d bxd

Division. To divide two fractions, rewrite the division
problem as a multiplication problem by multiplying the
first fraction by the second fraction inverted.

EXAMPLE:
2.3_2, 7_2x7_14
5 7 5 3 5xXx3 15
a ¢ a_d axd
—_— ==X ==
b d b ¢ bXc

'II Multiplication Notation

Throughout this review the algebraic notation for
multiplication will be used.

Example: 3 X 4 will be written as 3 - 4.

A - (dot) is used as a symbol for multiplication.
Example: a X b will be written as a - b or as ab.
When two letters are used, the dot is usually omitted.
Example: 3 X a will be written as 3a oras 3 - a.
Parentheses can also be used to represent multiplication.
Example: 3 X 4 can be written as (3)(4).
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Decimals

Decimal number place value (columns) is determined as
shown in Figure 1-1.

Addition and Subtraction. To add or subtract two
decimal numbers, line up the decimal points in each
number, adding or subtracting as with whole numbers.
Remember to add in zeros to fill out the decimal posi-
tions, if necessary. The decimal point must remain in the
same position.

EXAMPLES:
Add: Subtract: Rewrite as:
76.81 76.1 76.10
+384.1 —2.9 —2.96
460.91 73.14

Multiplication. To multiply two decimal numbers, mul-
tiply the numbers as if they were whole numbers. Place
the decimal point in the product so the number of places
in the product equals the sum of the number of decimal
places in each number.

EXAMPLE:
Multiply:
2.31
X 6.8
1848
1386

15.708

2 decimal positions
1 decimal position

3 decimal positions

Division. To divide two decimal numbers, set up as if
doing whole number division. Move the decimal point in
the divisor to the right to make the divisor a whole number.

Move the decimal point in the dividend the same number
of places to the right (as was done for the divisor). Add
zeros if necessary to maintain the position of the decimal.
Divide the numbers as if they were whole numbers. Place
the decimal point in the quotient directly above the deci-
mal point in the dividend. Add zeros if necessary to main-
tain the position of the decimal.

EXAMPLES:
0.25)1250

5000.
25. i125000.

1 .3@

564,
13.@
65

83

78
52
52
0

Convert a Fraction into a Decimal Number. To convert
a fraction into a decimal, divide the denominator into the
numerator.

EXAMPLE: Convert7/8 into a decimal:

0.875
8)7.000
64

60

56
40
40

Decimal number place value (columns)

(2]
2
g s . £
o c £ 2 =
= & £ 2 2 218 &
g £ 2 & g g o 2 e S
<] ° = > T o, 0 = £ T =] =
= 5 S 2 5 sE g 5 5| 8 S
= = 2 = | = SEENZ | 2
10 SIS SR
1,000,000 100,000 10,000 1,000 100 10 1 , 10 100 1,000 10,000

FIGURE 1-1. Decimal number place values.




Convert a Percent to a Decimal. To convert a percent to
a decimal, move the decimal point two places to the left.

EXAMPLE: Convert78.5% to a decimal:
78.5% = 0.785

Convert a Decimal to a Percent. To convert a decimal to
a percent, move the decimal point two places to the right.

EXAMPLE: Change 0.452 to a percent:
452 = 45.2%

Computation with Values (Numbers)

Exact. Some numbers are exact values, like the counting
numbers (1, 2, 3, .. .). For example, there are exactly four
legs on a chair. Exact numbers in computations are as
accurate or as precise as needed.

Significant Digits. Some values are obtained by mea-
surement and are only as accurate as the measuring
device. The last digit in the reading is usually estimated.
When dealing with these values in computations, the
results will only be as accurate as the least accurate
value. This is the concept of significant digits.

To determine the number of significant digits in a
value (number):

1. Count all nonzero digits.
2. Count all zeros between nonzero digits.
3. Count all zeros at the end of a decimal value.

The number of significant digits in a value is the sum
of the numbers obtained in steps 1, 2, and 3.

EXAMPLES: The following are measured values
from a radiation dose meter (dosimeter):

7.14 mR has three significant digits.
90.104 mR has five significant digits.
0.048 mR has two significant digits.
7300 mR has two significant digits.
6.900 mR has four significant digits.

Precision. The precision of a value refers to the decimal
position of the last significant digit.

EXAMPLE:
0.0218 is precise to the ten-thousandths.
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Rounding Off. To round a number, the last digit to be
retained is:

1. Left unchanged if the digit to the right of the last digit
to be retained is less than 5.

2. Increased by one if the digit to the right of the last
digit to be retained is 5 or greater.

EXAMPLES:
75.2581 rounded to 4 significant digits is 75.26.
6,836.66 rounded to 2 significant digits is 6,800.
0.0381 rounded to 2 significant digits is 0.038.
0.0299 rounded to 2 significant digits is 0.030.

Multiplication and Division of Approximate Values.
When multiplying or dividing two or more approximate
values, the number of significant digits in the final answer is
no greater than the number of significant digits in the value
with the least number of significant digits.

EXAMPLE: Using the calculator, (103.81)
(1.34) = 139.1054. However, because 1.34 has only
three significant digits, the answer should have only
three significant digits. Therefore, 139.1054 needs to
be rounded to three significant digits, making it 139.

Addition and Subtraction of Approximate Values.
When adding or subtracting two or more approximate
values, the final answer should be no more precise than
the least precise of the values.

EXAMPLE: Add the following:

123.1
89.123
+103.3456

315.5686

Because the least precise number is 123.1, the answer
should be rounded to 315.6.

Powers of 10

The decimal system is based on powers of 10, as is the
metric system. These are very important systems to the
radiographer. When a" is written, a is called the base and n
is the exponent. Integers are defined as the numbers. .. —3,
-2,-1,0,1,2,3,....
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Positive Integer Exponents. Definition:
a"=a-a-a---a(multiply n times)
n times

EXAMPLES:
10'=10
102=10-10=100
10°=10-10 - 10= 1000
10"=10-10-10---10=100...0 (n zeros)

Negative Integer Exponents. Definition:

an" = in(fora #0)
a

107" = 1o 1
10
107 = % = .01
107 = % =.001
10" = 13“ =.00...001 (n —1) zeros

Zero Exponents. Definition: a’ =1 (for a # 0)

EXAMPLE:
100=1

Scientific Notation

A number written in scientific notation is written as the
product of a number between 1 (including 1) and 10 times
a power of 10. In other words, N X 10°, where 1 =N < 10
and p is an integer.

EXAMPLES:
7.15 X 10*is a number in scientific notation.
1.598 X 107" is a number in scientific notation.
7.58 X 10°is a number in scientific notation.

Converting Numbers from Ordinary to Scientific Nota-
tion. To write a number in scientific notation, the decimal
point must be moved to the position following the first
nonzero digit.

EXAMPLES:
70.57 = 7.057 X 10' (p = 1)
0.00815 = 8.15 X 1073 (p = —3)
7.58 = 7.58 X 10° (p = 0)

In the first example, the decimal point is moved
one digit to the left, making the power of 10 (p), 1. In the
second example, the decimal point is moved three digits
to the right, making the power of 10, —3. In the third
example, the decimal point is not moved and the power
of 10 is 0.

In general, when moving the decimal point to the
left, the power of 10 will be the number of positions
moved. When moving the decimal point to the right, the
power of 10 will be negative the number of positions
moved. When the decimal point is not moved, the power
of 10 will be zero.

Converting Numbers from Scientific to Ordinary
Notation. To convert a number in scientific notation
to ordinary notation, the decimal position is moved
according to the following:

1. If the power of 10 is positive, move the decimal point
to the right the number of positions in the exponent.

2. Ifthe power of 10 is negative, move the decimal point
to the left the number of positions in the exponent.

3. If the power of 10 is zero, the decimal remains in the
same position.

In all of the above, once the decimal point has been
moved, the 10 and its power are dropped. Zeros are added,
if necessary.

EXAMPLES:
3.7 X 10* = 37,000
5.56 X 10~° = 0.0000556
1.34 X 10° = 1.34

Dimensional Analysis

The concept of dimensional analysis is useful when con-
verting from one set of units to another. The principle is
based on fractions whose quotients are 1.

EXAMPLE:
12in 1
L o — =1
% O 12in



Recall that multiplying a quantity by 1 does not change
the value of the quantity. In order to convert from one set
of units to another, algebraic operations are performed
with units in the same way they are with algebraic symbols.

EXAMPLE: Convert 7.0 ft to inches.
70ft=70%2" —7.12in=841n

1]

Note that it is possible to “cancel” the feet unit, leav-
ing the inches unit.

Convert 70.0 km/hr to m/s.

km
70.0 2 =
hr
JooRm  1000m  1he  1min
“he 1km 60 min 605
70.0-1000 - —— . 1M _1g4™
60 60s S

Recall that 1 km = 1,000 m, 1 hr = 60 min, and
1 min = 60 s. Note that it is possible to “cancel” the km
unit, the hr unit, and the min unit.

When converting cubic units or square units, extra
attention needs to be given to the conversion factors.
Study the following example carefully.

EXAMPLE: Convert3.8000 ft* (cubic feet) to cubic
inches (in’).

12in 12in 12in

1t 1ft 1t

3.8000 ft* = 3.8000 ft’ -
= 6566.4 in®

or S
3.8000 ft* = 3.8000 ft’ - (112% J = 6566.4 in’

EXAMPLE: Convert 10 roentgens per hour to
roentgens per minute.

roentgens _ - roentgens 1 hour

10.0 .
hour hour 60 minutes
— 0167 roer-1tgens
minute

ALGEBRA

Algebra uses symbols and specific rules of number manip-
ulation to solve equations.
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Signed Numbers

Numbers are not always positive. For example, the
thermometer indicates that it is very cold at —20°F.
Negative numbers can be illustrated by using a number
line (Figure 1-2). Positive numbers are assigned to the
right of the zero point and negative numbers to the
left of the zero point. A statement that 7 is less than 10
(written as 7 < 10) indicates that 7 is to the left of 10 on
the number line. A statement that —5 is greater than —9
(written as —5 > —9) indicates that —5 is to the right of
—9 on the number line.

Absolute Value. The absolute value of a number is the
distance from 0 to that number on the number line.
Because distance is the same number of units whether
moving up or down the number line, that means that
the absolute value of a number is always positive or
zero. The notation used for absolute value is two verti-
cal bars (I I).

EXAMPLES:

|—=2| =2 4] = 4 o] =0

Because —2 is two units from zero on the number
line, the absolute value is 2. Because 4 is four units
from zero on the number line, the absolute value
is 4. Because 0 is zero units from zero on the number line,
the absolute value is 0.

Addition. To add two positive numbers, add their absolute
values and attach a positive sign to the result. The positive
sign is usually omitted.

EXAMPLE:

(+7) + (+8) = +15 7+8=15

To add two negative numbers, add their absolute values
and attach a negative sign to the result.

EXAMPLE:
(-7)+ (-8 =—-15 —7+(-8=-15
4 3-2-10 12 3 4

FIGURE 1-2. Number line.
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To add two numbers with unlike signs, subtract the smaller
in absolute value from the larger in absolute value and
attach the sign of the larger in absolute value to the result.

EXAMPLES:
(=10) + 3) = =7 4+ (-9 =-5
(8) + (=5 =3 —3+(7) =4

Negative of a Number. The negative of a number is the
opposite of the number in sign.

EXAMPLE:
The negative of 7 is —7; the negative of —7 is 7.

Ifb =7, then —b = —7.
Ifb=—7, then —b = —(—=7) = 7.

Subtraction. Subtraction is rewritten as addition, as in
a—b=a+ (~b).

EXAMPLES:
8—-10=8+ (=100 = -2
8—(=100=8+10=18
—8—-10= -8+ (-10) = —18
—8—(=10)= -8+ 10=2

All of the above subtraction problems are rewritten as
addition and then the rules for addition of signed numbers
are used.

Multiplication. To multiply two numbers, multiply their
absolute values. If both numbers are positive or both
numbers are negative, attach a positive sign to the result.
If the numbers are opposite in sign, attach a negative sign
to the result.

EXAMPLES:
2)@3) =6
(=2)(=3)=6
@2)(=3) = -6
(=2)3) = -6

Division. To divide two numbers, divide their absolute val-
ues. If both numbers are positive or both numbers are neg-
ative, attach a positive sign to the result. If the numbers
are opposite in sign, attach a negative sign to the result.

EXAMPLES:
8§+2=4
-8+ -2=4
8+ (-2)=-4
-8+2=-4

Order of Operation

Order-of-operation problems may occur when parenthe-
ses are not indicated. For example, evaluate 2 + 3 - 4.
Depending on whether addition or multiplication is per-
formed first, the answer might be 20 or 14. The answer
actually depends on the order of operation. Rules have
been established that make the correct result 14.

The difference between the unary minus sign (—)
and the subtraction sign (—) and the difference between
the unary plus sign (+) and the addition sign (+) must be
understood before order-of-operation rules can be learned.

A subtraction sign (—) is used between two numbers.

EXAMPLE:
7 — 8 (subtraction sign)

A unary minus sign (—) is used before one number.

EXAMPLE:
—7 (unary minus sign)

An expression can have both a subtraction sign and a
unary minus sign.

EXAMPLE:

—7 — 8 (The first is a unary minus, the second is a
subtraction sign.)

An addition sign (+) is used between two numbers.

EXAMPLE:
8 + 10 (addition sign)
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A unary plus sign (+) is used before one number.

EXAMPLE:
EXAMPLE: 3 +5x — 7x =8
+8 X+5

y—17

Rules for Order of Operation
There are several rules for combining algebraic

1. Perform all operations inside grouping symbols (paren- expressions.

theses, radical symbols, fraction bar, brackets, etc.).
Distributive Law. The statement of the distributive law is:

Exponentiation (raising to a power or roots)
alb+c)=a-b+a-c

Unary minus (—) or unary plus (+)

oW

Multiplication and division
EXAMPLE:

Tx+y) =7x+7y
73+5=7-3+7-5=21+35=56

5. Addition and subtraction

Operations are performed from the lowest level (#1) to the
largest level (#5). Operations on the same level are evalu-

ated left to right. p(x + 4) = px + 4p (The numeral is normally
written in front of the letter.)
EXAMPLES:
2+3-4 (multiplication first) If the addition sign were a subtraction sign, then:
N ab—-c)=a-b—a-c
=2+12 (addition)
=14 EXAMPLE:
8-6/—[12 =2 (multiplication and division first) Ix—y) =7x—T7y
=48 — 6 (subtraction) 73-5=7-3—-7-5
=42 =21 -35=21+(-35) = —14
8+7 (bar acts as grouping symbol) PO A = = A
2+3
= g (add numerator and add denominator first) acrfei}nifl(e)i(fi: tho be taken when one or two negative signs
=3 (divide)
(—2) (exponentiation first) EXAMPLE:
= —8 —Tx +y) = =7x + (=7y) (distributive law)
- (exponentiation first) =—7x—1y (the reverse defini-
= —(16) (unary minus sign) tion of subtraction)
= —16 —Tx —y) = —=7x — (=7y) (distributive law)
3(7 + 4) (add inside parentheses first) =-Ix+1y (definition of
=[3.11 (multiply) subtraction)
—33 —7(—3 —8) = (—7)(—3) — (=7)(8) (distributive
2(6 + 1y (add inside parentheses first) law)
=212 (exponentiation next) =21 — (—56) (multiply)
=2-49 (multiply) =21+ 56 (definition of
= 08 subtraction)
=177

Algebralc ExPreSSIOHS Addition and Subtraction of Like Terms. A like term is

a term with identical literal factors. A literal factor is a
factor denoted by a letter. Like terms may be added or
subtracted.

An algebraic expression consists of letters and/or numbers
that are multiplied, divided, added, subtracted, or raised
to a power.





